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Learning Objectives: 

1. To understand how integers and fractional numbers are represented 

2. To study fixed point number representation 

3. To learn about representation of floating point numbers  

4. To discuss the fixed and floating point arithmetic 
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1. Introduction  

Computers use binary numbers for storing information. Whether it is a number or a character or any 

kind of data, computers use fixed number of bits for representation. Integers can be represented in 

8-bit, 16-bit, 32-bit or 64-bit. Number of bits in the representation will decide the range of integers. 

In addition to the bit length for integers, it is important to know various representation schemes like 

signed and unsigned integers. An 8-bit unsigned integer can have a range of 0 to 255, whereas an 8-

bit signed integer has a range of -128 to 127. 

 

In this module, fundamental concepts of representing the real numbers i.e. numbers with fractional 

components will be studied. There are two approaches in representing the real numbers: fixed point 

notations and floating point notations. This section highlights the representations as well as the 

arithmetic of  fixed and floating point numbers.  

 

2. Fixed point representations  

 

In almost all computations, the numbers can be represented and processed by either of the two 

categories: fixed-point and floating-point notations.  These representations provide a format to be 

used for storage and processing.  A fixed-point number representation utilizes a fixed number of 

digits or bits before or after the radix point as shown in figure 1.  The numbers are usually stored as 

a signed or unsigned integer. 

 

 

 

 

 

Fig.1: A fixed point representation 

 

Integers are whole numbers without a fractional part e.g. 13 and -11 are integers whereas 23.75 and 

-0.25 are not integers. An integer can be thought of as a number in which the position of the 

decimal point is fixed. The decimal point is usually assumed to be at the right of the least significant 

digit (LSD).  For binary numbers, the radix or binary point is located to the right of least significant 

bit (LSB) as shown in figure-2. 

Signed or unsigned integer 

n                 0 

Radix point 
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Fig. 2: Fixed point representation for integers 

 

Any unsigned integer can have any value within the range of 0 to 2n -1. An integer is changed to a 

binary before storage and if number of bits is less than n-bits then 0s are added to the left (the 

leading zeros). In fixed-point representation, the radix or binary point is fixed and assumed to be to 

the right of the LSB. It is normally used for integers.  

It is important to note that “an integer is normally stored in memory using fixed-point 

representation”. The binary numbers can be represented further in any one of the three forms i.e. 

Sign-Magnitude representation, 1’s complement or 2’s complement representation.  

While storing an integer in Sign-Magnitude format or 1’s complement format or 2’s complement 

format, the integer is first changed to an n-bit binary. If it is positive or zero, the number is stored as 

it is. If it is negative, then proper representations in sign-magnitude or 1’s complement or 2’s 

complement are used.   

It is possible to use fixed-point representation for real numbers or for representing binary fractions 

by scaling the numbers so that binary point is positioned at some other location. For example, let us 

consider representation of 4.75. The binary representation of the above decimal number is 0100.11, 

which is shown in figure 3. 

 

 

 

 

Fig. 3: Representation of real number using Fixed-point representation 

This method assumes the decimal point in a fixed position and it relies on using a fixed number of 

bits for both the integer and fractional parts.  

 

. 0 0 0 0 1 1 

Binary point 

0 1 

. 

0 0 0 1 0 0 

Binary point 

1 1 
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Example 

 00010011 = 000100.11 

 

Old position     7   6   5   4   3   2     1    0 

New position    5   4   3   2   1   0   -1   -2   

Bit pattern         0   0   0   1   0   0.    1    1  

Contribution     25..........  22  21  20    2-1   2-2   = 4.75 

 

In this case, only bits are stored in memory and the binary point is shifted to the left by two bit 

positions, which are referred to as scaling. With scaling or shifting of the fixed binary point, the 

fixed-point representation allows the representation of numbers with fractional components as well.  

While interpreting the bits of the numbers stored in memory, radix point can be repositioned by 

multiplying the stored number by a scaling factor. The scaling factor in binary is always 2 raised to 

the fixed exponent. The scaling factor helps to reposition the radix point and allows us to represent 

integers as well as real numbers by fixed point notations. There are three methods for repositioning 

the radix point. The radix point is moved to the right or to the left or remains where it is based 

on the scaling factor.  

 

1. For scaling factor 2n, n=0 i.e. 1: In this case the radix point is not moved and the number 

stored is the same as itself.  

2. For scaling factor 2n, n=1 or more: In such a case the radix point is repositioned so that the 

radix point is moved to the right.  In this case additional zeros are appended to the right of 

LSB. The actual number to be represented is larger than the binary number that was stored 

in memory. Let us consider a binary number 00001011 that is stored in memory using 8-bits 

of storage. If n=2, then the scaling factor is 22. As the scaling factor is greater than 1, we 

move the radix point two places to the right. This gives a binary number 00101100.   

3. For scaling factor 2n, n= -1 or more : In this case the radix point is repositioned so that the 

radix point is moved to the left. In such a case, the number that is to be represented is 

smaller than the number that was stored. This method allows us to represent the fractional 

part. Let us consider a binary number 00001011 that is stored in memory using 8-bits of 
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storage. If n= -2, then the scaling factor is 2-2. As the scaling factor is less than 1, we move 

the radix point two places to the left. This gives a binary number 000010.11   

From these three approaches it is clear that “Shifting is the key” for the representation of the fixed 

point notations. Shifting an integer to the left by 1 bit position is equivalent to multiplying the 

number by two. Shifting an integer to the right by 1 bit position is equivalent to dividing the number 

by two.  

In these notations, the decimal or binary point is fixed between two groups of bits. The decimal or 

binary point is never stored in fixed point formatted number. As the decimal or binary point 

position is known and fixed, it is not necessary to store the decimal or binary point. This is also 

referred to as implied binary point.  

Standard Notations 

For representing numbers in fixed point notations, there are various methods used to represent radix 

or binary point and word length. For representing fractions under fixed point notations Q-format (Q 

indicates quality of fractional bits) is used as shown in Table-1. The fractional number ranges 

between +1 and -1. In addition, ‘f’ indicates the number of fractional bits, ‘s’ indicates number of 

sign bits and ‘m’ indicates total number of integer bits. 

Table-1: Standard notations for fixed point representation 

Notations Interpretation 

Qf It is a Q- format notation where f indicates the number of fractional bits. 

Example, Q15 represents a number with  15 fractional bits.  

Qm.f It is a Q- format notation where m indicates number of integers and f 

indicates the number of fractional bits. Example, Q1.14 indicates 1 integer 

bit and 14 fractional bits. 

 

The Qf notations provide ambiguous representation because it does not specify the word length. 

However, in many digital systems, word length is either 16 or 32-bit. The Qm.f is an unambiguous 

notation because the entire word is in 2’s complement integer and a sign bit is implied. Total 

number of bits are N=m+f+1 for signed numbers.  For example, for 16 bit number, Q2.13 format 

indicates 2 bits for integer, 13 bits for fractional part and 1 sign bit.  
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Table-2 indicates the dynamic range and resolution of fixed point representations. An 8-bit 

unsigned integer can have dynamic range 0 to 255, whereas an 8-bit signed integer has a dynamic 

range of -128 to 127. The dynamic range for 16 bit unsigned digital system is 0 to 65536 and for 

signed system the dynamic range is -32768 to 32767. The resolution of signed fraction will be 2-15 

and 2-16 for unsigned fraction. 

Table-2:  Dynamic range and Resolution for signed and unsigned number 

 Dynamic range Resolution 

 8-bit 16-bit 8-bit 16-bit 

Signed( ‘s complement) -27…27-1 

(-128 to  127)  

-215…215-1 

(-32768 to 32767)  

2-7  

(1/128)  

2-15  

(1/32768)  

Unsigned 0…28-1 

( 0 to  255)  

0….. 216 

(0  to 65535)  

2-8  

( 1/256)  

2-16  

(1/65536)  

 

Application areas: Fixed point notations are preferred for representing fractional values usually in 

the microprocessor or microcontroller where there is no floating point unit (FPU). In such a case 

fixed-point notations provide improved performance and accuracy for given application. Most of 

the commercially available embedded systems and microcontroller do not have an FPU.  

There are few limitations of fixed-point representations. 

1. It cannot be used for the representation of very large numbers or very small fractions.  

2. To represent large numbers or very small numbers we need very long sequence of bits. This 

is because we have to give bits to both the integer part and the fraction part.  

3. More number of bits are required to store large number or small fraction.  

 3. Floating point representations 

Many digital systems supports numbers with fractions, which are referred to as real numbers in 

mathematics. For example, the value of π =3.14159265…… or e = 2.71828….. or 0.00000001 = 

1x10-8.  

The floating-point or scientific notation allows representing very large and very small numbers 

either integers or real ones. Floating point numbers allow an arbitrary number of decimal places to 

the right of the decimal point. These numbers are often represented in scientific notations.  To 
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represent the real numbers, the floating point notations normally employ scientific notations. In 

these notations, certain numbers of bits are used to represent mantissa and very few number of bits 

is used to represent an exponent.   

The scientific notions in decimal can be represented as  

± mantissa x 10exponent         

Similarly, floating point representations using scientific notations for binary can have a form as 

shown below: 

± mantissa x 2exponent         

For example,  

 +1.314275462 x 10-23  or  

-5.0 x1073. 

This also provides as much or as small precision as needed; for example, both mantissa and 

exponent parts can have signed values as shown in figure 3.  

 

 

Fig.4: Sample floating point format in scientific notations 

The term floating point is used for representation because there is no fixed number of digits before 

and after the radix point i.e. the radix point can float. In fixed point representation number of digits 

before and after the radix point is set or fixed.  

A number in scientific notations that has no leading 0s is called as a normalized number, which is 

normally used for computer arithmetic. For example,  

1.234 x 108 

12.34x107 

123.4x106 

0.1234x109 

Out of these four examples of scientific notations, only first number is normalized scientific 

notation and other three are not. Similarly, in binary one can numbers in scientific notations as  

1.00110011x28 

100.110011x26 

10011.0011x24 

100110.011x23 

     
e

± 
 . ± 
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Out of these four examples of scientific notations, only first number is normalized scientific 

notation and other three are not.  

Normalized numbers are represented as a single nonzero digit to the left of the binary point as 

shown below 

1.xxxxxxxxx 2yyyy 

A standard scientific notation for floating point numbers in normalized form provides three 

advantages. 

1. It simplifies exchange of data 

2. It also simplifies floating point arithmetic because the result will have same representation. 

3. It increases the accuracy of numbers that can be stored in a word, because unnecessary 

leading zeros are replaced by real digits to the right of binary point.  

IEEE 754: Floating point standard 

Floating point numbers are used for all modern computing systems. Due to wide use of these 

numbers, the format for storing floating point numbers in memory is standardized by IEEE 

(Institute of Electrical and Electronic Engineers). The most important floating-point representation 

is defined in IEEE Standard 754,  adopted in 1985 and revised in 2008.  

This standard was developed to facilitate the portability of programs from one processor to another 

and to encourage the development of sophisticated, numerically oriented programs. The standard 

has been widely adopted and is used on virtually all contemporary processors and arithmetic 

coprocessors. IEEE 754-2008 covers both binary and decimal floating-point representations. 

 

Fig.-5: Floating point standard (a) single precision -32 bits (b) Double precision -64 bits     (c) 

Extended precision -128 bits 
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IEEE 754 defines a different ways to store and represent binary numbers in memory. These are: 

1. Single precision – utilizes 32-bits of storage 

2. Double precision – utilizes 64-bits of storage 

3. Extended precision – utilizes 128-bits of storage 

The three basic binary formats have bit lengths of 32, 64 &128 bits.  We can represent floating-

point numbers with three binary fields: a sign bit s, an exponent field e, and a fraction field f.  

Exponents of 8, 11, and 15 bits, respectively. The IEEE 754 standard defines several different 

precisions.  

(a) Single precision numbers include an 8-bit exponent field and a 23-bit fraction, for a total of 32 

bits.  

(b) Double precision numbers have an 11-bit exponent field and a 52-bit fraction, for a total of 64 

bits. 

(c) Extended precision numbers have an 15-bit exponent field and a 112-bit fraction, for a total of 

128 bits. 

The normalized floating point binary number can be represented as  

N= (-1)S x (1.Fraction) x 2 (Exponent-Bias) 

There are three parts  in the representation.  

S: sign bit: The sign bit is 0 for non-negative or positive numbers and 1 for negative numbers.  This 

is b31  in single precision and b63 for double precision. 

E: exponent: The exponent is stored in a bias representation i.e, excess representation to permit 

both positive and negative exponents. To provide for negative exponents, a biased exponent is used. 

A bias is a number that is approximately midway in the range of values expressible by the 

exponent.   

For single precision, the exponent is excess/bias 127. Normally, one expect the excess/bias to be 

half the number of representations. In this case, the number of representations is 256, and half of 

that is 128. Nevertheless, the excess is 127. Thus, the range of possible exponents is -127 <= 
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exponent <= 128. In double precision the bias is 1023. The range of exponent is -

1023<=exponent<=1024. 

Normalized Significand: It is always given as 1.0<significand <2.0 We normalize the floating 

point number so that the decimal is implied to be before the first 1 bit, and in shifting the decimal 

point. Significand is fraction with “1.” Restored. The significand is stored in unsigned magnitude.   

Normally, you would represent the significand (also called the mantissa). This would mean 

representing D.FFFF.... However, recall that for base 2, D = 1. Since D is always 1, there's no need 

to represent the 1. You only need to represent the bits after the radix point. Thus, the "1" left of the 

radix point is NOT explicitly represented. We call this the hidden one. 

 

 

Fig. 6: Normalized floating point numbers 

Normalized floating point numbers  

 

In normalized form, the radix point is placed after the first non-zero digit e.g. 5.6789x10-15 or 

1.00110x212. For binary number, the leading bit is always 1 and need not be represented explicitly. 

This has an advantage that it saves 1 bit of storage.  

In IEEE 754’s normalized single precision representation, n-bit pattern has a finite number of 

combinations (=2^n), which could represent finite distinct numbers. It is not possible to represent 

the infinite numbers in the real axis.  This indicates not all floating-point numbers can be accurately 

represented. Instead, the closest approximation is used, which may lead to loss of accuracy. 

Table- 3:  ± Largest and ± Smallest floating point numbers 

 

- Largest   - Smallest + Smallest + Largest 

-(1-2
-24

) x 2
+128

 -(1-2
-1

) x 2
-127

 +(1-2
-1

) x 2
-127

 +(1-2
-24

) x 2
+128
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The negative and positive smallest as well as largest numbers are indicated in the table.  
 

 

Fig. 7: De normalized floating numbers and overflow / underflow possibility  

In the normalized floating representation, What if the result is too large? i.e greater that 2.0 x 2+128 .  

Obviously, overflow will occur. Overflow occurs when the exponent is larger than 8-bit exponent 

field. Similarly, in the normalized floating representation, What if the result is too small ? i.e. 

greater than 0 but less than < 1.0x2-127. Obviously, underflow will occur. Underflow occurs when 

negative exponent  larger than represented in 8-bit exponent field. 

Denormalize d Float ing-Po int N umbe rs   

Denormalized form can represent very small numbers closed to zero, and zero, which cannot be 

represented in normalized form, as shown in the  figure. If E = 0, but the fraction is non-zero, then 

the value is in denormalized form, and a leading bit of 0 is assumed, as follows:  

 For single-precision, E = 0,    N = (-1)^S × 0.F × 2^(-126) 

 For double-precision, E = 0,    N = (-1)^S × 0.F × 2^(-1022) 

In denormalized notations, the floating point has no hidden 1 i.e. no implied 1. This allows floating 

point numbers to define numbers very close to 0.  To handle this special case, it is agreed that in this 

case the sign, exponent and the mantissa are set to 0s.  

 
The minimum and maximum of denormalized floating-point numbers are: 

Dmin = (-1)S×0.F×2-126   = 0.000…1x 2-126  =1x2-23 x2-126  =2-149(single-precision) 
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Dmax = (-1)S×0.F×2-126   = 0.111…1x 2-126  =(1-2-23 )x2-126         (single-precision) 

Dmin = (-1)S×0.F×2-1022   = 0.000…1x 2-1022  =1x2-52 x2-1022 =2-1074(double-precision) 

Dmax = (-1)S×0.F×2-1022   = 0.111…1x 2-1022  =(1-2-52 )x2-1022         (double-precision) 

Under denormalized floating point representations has three special cases: Zero, infinity and Nan.  

 

Positive and negative zero  Positive and negative infinity 

Zero: Zero cannot be represented in the normalized form of floating point representations, and must 

be represented in denormalized form with E=0and F=0. There are two representations for 
zero: +0 with S=0 and -0 with S=1. 

Infinity: The value of +infinity (e.g., 1/0) and - infinity (e.g., -1/0) are represented with an exponent 

of all 1's (E = 255 for single-precision and E = 2047 for double-precision), F=0, and S=0 (for +INF) 
and S=1 (for -INF). 

Not a Number (NaN): NaN denotes a value that cannot be represented as real number 
(e.g. 0/0). NaN is represented with Exponent of all 1's (E = 255 for single-precision and E = 

2047 for double-precision) and any non-zero fraction. 

Table-4: The IEEE-754 single precision floating point standard 

Parameter  Single precision  Double precision  

1. Storage size (bits)  32  64  

2. Sign size  (bit)  1  1  

3. Exponent size (bits)  8  11  

4. Fraction size (bits)  23  52  

5. Bias  (integer)  127  1023  



13 
            

 
 

Electronic Science 
 Digital Electronics 

 14. Fixed and floating point arithmetic 

 

For floating point arithmetic, IEEE standard use the following approaches.   

1. Round to nearest:  The result is rounded to the nearest representable normalized number.  
2. Round toward +∞ : The result is rounded up toward next largest normalized number.  
3. Round toward -∞:  The result is rounded down toward next smallest normalized result.  

4. Round toward 0:  The result is rounded or truncated  toward zero.  
 

4. Floating point arithmetic 

For all computers, there are four basic operations: addition, subtraction, multiplication and division 
need to be performed on floating point numbers.  

(a) Floating point addition 

1. Rewrite the smaller number such that its exponent matches with the exponent of the larger 
number. 

2. Add the mantissas: 

3. Normalize the sum, checking for overflow/underflow: 
4. Round the sum 

(b) Floating point subtraction 

1. Floating point numbers to be added 

2. Significand of lesser exponent is shifted right until exponents match 
3. Add significands,  

4. Normalize, and check for overflow/underflow 
5. Rounding,   

(c) Floating Point Multiplication  

1. Separate sign bit from the numbers 
2. Add exponents of both multiplicand and multiplier 

3. Multiply significands  
4. Further  the result is normalized and  rounded, checked for any overflow 

5. Replace the sign bit by the sign of product.  

(d) Floating Point Division  

1. Separate sign bit from the dividend and divisor.  
2. Check for zeros and infinity. 

3. Subtract exponents. 
4. Divide significands. 
5. Further the result is Normalized and checked for overflow/underflow. 

6. Perform Rounding of the result. 
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7. Replace sign by the sign of Quotient and write remainder.  
 

Summary: 

Floating point numbers suffer loss of precision when represented with fixed number of bits.  This is 

because there are infinite number of real numbers and on the other hand, there are only n finite bits 

for the representations. Hence all real numbers may not be used, which forces use of nearest 

approximation and hence there is a loss of accuracy.  Similarly, the floating point number arithmetic 

is less efficient than integer arithmetic. To increase efficiency, an additional floating point unit 

(FPU) is used for many applications.  

Floating point numbers are used for all modern computing systems. Due to wide use of these 

numbers, the format for storing floating point numbers in memory is standardized by IEEE  The 

standard format is known as IEEE 754. It defines a different ways to store and represent binary 

numbers in memory. These are: Single precision,  Double precision and  Extended precision.  

 DSP processors are designed as fixed point and floating point.  

 Fixed-point 

◦ Partition a binary word into integer and fractional 

◦ Radix point is in a fixed position 

 Floating-point 

◦ Large dynamic range 

◦ Composed of a mantissa and exponent 

◦ Scaling  solves the problem of overflow. 

◦ Comparison between fixed point and floating point  
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